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METHOD AND APPARATUS FOR 
DETERMINING SPACECRAFT MANEUVERS 
REFERENCE TO RELATED APPLICATION 
This application claims priority to and the benefit of U.S. 
2 
flight checks may also include simulating the spacecraft atti-
tude control system to verify that the spacecraft will behave as 
expected and remain within safe limits when the planned 
maneuvers are executed on orbit. 
CMG momentum control systems create a unique chal-
lenge for controlling the attitude of a spacecraft. In particular, 
unlike an array of reaction wheels, whose torque capability is 
fixed with respect to the vehicle frame, the torque capability 
of a CMG array varies continuously with the gimbal angles. 
Provisional Patent Application Ser. No. 61/691,896, filed 
Aug. 22, 2012, and entitled "METHOD FOR DETERMIN-
ING OPTIMIZED SPACECRAFT MANEUVERS", the 
entirety of which is hereby incorporated by reference. 
BACKGROUND 
The present disclosure relates to control of the attitude or 
orientation of spacecraft, for example, to position a telescope 
mounted to a satellite to obtain an image of an object by 
reorienting the satellite itself. A typical spacecraft is equipped 
with a group or array of three or more control moment gyro-
scopes (CM Gs) to facilitate attitude control of the vehicle. 
Spacecraft attitude control techniques commonly involve 
Eigen axis rotations. Eigen axis rotations are desirable as they 
are intuitively simple to construct and provide the advantage 
10 Consequently, ensuring accurate torque production on the 
spacecraft body requires proper configuration of the CM Gs 
relative to one another, for example, to avoid gimbal configu-
rations that result in singular states wherein torque cannot be 
produced in a certain direction. CM Gs also have gimbal rate 
15 and input torque constraints that can be violated during the 
operation of the spacecraft, particularly if the spacecraft 
angular rates exceed predetermined limits, potentially lead-
ing to a loss of control of the spacecraft. Because of these 
complexities, devising a mechanism to ensure the predictabil-
of reorienting the spacecraft along the shortest circular arc 
between the starting and desired final attitude angles. The 
angular error defined by translation from a first orientation to 
20 ity of shortest-time and other desired reorientations or 
maneuvers is an important aspect of the maneuver design 
problem for CMG spacecraft. Accordingly improved meth-
ods and apparatus are needed for determining and implement-
ing spacecraft maneuvers while maintaining operation within 
25 torque and other physical or operational limits. 
a second orientation can be represented as rotation through a 
certain angle about a particular fixed axis, referred to as the 
Eigen axis of the rotation. Once the Eigen axis has been 
determined, two other axes that need not be aligned with the 
reference spacecraft body fixed frame may be selected to 30 
form an orthogonal set with the Eigen axis. Since the entire 
rotation from the initial to the final states is performed about 
the Eigen axis, the other two axes will always have zero 
angles to be traversed. Eigen axis rotations are normally 
implemented as rest-to-rest maneuvers. That is, the rotation is 35 
initiated from rest and terminated when the spacecraft is again 
at rest in the new desired orientation. A maneuver similar to 
an Eigen axis rotation can be constructed when it is desired to 
initiate a reorientation maneuver from a non-resting state 
and/or when it is desired to terminate a reorientation maneu- 40 
SUMMARY OF DISCLOSURE 
Various details of the present disclosure are hereinafter 
sUlllillarized to facilitate a basic understanding, where this 
s=ary is not an extensive overview of the disclosure, and 
is intended neither to identify certain elements of the disclo-
sure, nor to delineate the scope thereof. Rather, the primary 
purpose of this summary is to present some concepts of the 
disclosure in a simplified form prior to the more detailed 
description that is presented hereinafter. 
The present disclosure provides an approach for the design 
and implementation of shortest-time and other maneuvers for 
CMG spacecraft with consistent internal states, in which a 
control law or steering law is incorporated as a path constraint 
or as a dynamics constraint into the formulation of a control 
problem, and the control problem is solved to provide a guid-
ance command trajectory for maneuvering a spacecraft via 
CM Gs to guide the spacecraft in closed loop fashion from an 
ver at a non-resting state. For such non-rest maneuvers, rota-
tions will normally be carried out as simultaneous rotations 
about three orthogonal axes and designed similarly to an 
Eigen axis maneuver according to the kinematic differential 
equations. 
Many spacecraft systems are used in a manner that 
demands expeditious reorientation. For instance, it is impor-
tant in many satellite missions to perform attitude maneuvers 
45 initial state to a desired final state. In the discussion herein, the 
term "consistent internal states" refers to the degree of agree-
ment between the desired spacecraft states obtained as the 
solution to an optimal control problem and the actual states of 
the spacecraft when a maneuver is executed. "Consistent as rapidly as possible, where the capacity of commercial 
Earth observing satellites can be improved by maneuvering 
more quickly to reduce the time needed to slew between 
image regions. By reducing the slew time, it is possible for the 
satellite to acquire additional images and maximize revenue. 
Accordingly, time-optimal attitude maneuvers have been the 
subject of extensive study, and such time-optimal reorienta- 55 
ti on maneuvers were demonstrated in flight, for the first time, 
50 internal states" refers to the condition where the difference 
on board the NASA space telescope TRACE. The effective-
ness of a CMG-based satellite may be improved by integrat-
ing time-optimal (shortest-time) attitude maneuvers as part of 
normal system operations, where ground personnel may 60 
employ mission planning and scheduling algorithms utilizing 
shortest-time maneuvers to determine the highest valued 
sequence of imaging or other spacecraft operations for a 
given activity window. Before commanding the satellite, a 
detailed check of all system constraints is also conducted to 65 
verify the mission plan and to ensure that all relevant hard-
ware and operational constraints have been met. Such pre-
between the desired spacecraft states and the actual space-
craft states is such that the desired and actual states are indis-
tinguishable from one another. "Inconsistent internal states" 
thus refers to an undesirable condition where there may be 
large deviations between the desired and actual spacecraft 
states. The concepts of the present disclosure may be 
employed in shortest-time maneuvers (STMs) and/or in 
maneuvers selected with respect to lowest expenditure of 
energy or other design criteria or combinations thereof. In 
certain applications, for example, shortest-time maneuvers 
are designed by formulating and solving an appropriate mini-
mum-time optimal control problem based on a nonlinear 
model of the CMG spacecraft dynamics. The inventors have 
appreciated that careful construction of the optimal control 
problem for predicable shortest-time maneuvers or other 
forms of maneuvering can be used to address some of the 
complexities of CMG systems directly, as part of the problem 
US 8,880,246 B 1 
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formulation. This approach advantageously mitigates the 
need to modify or adapt a control law or steering law currently 
in use in a closed-loop attitude control system, such as a 
steering law employed on an in-service satellite. In addition, 
the inventors have appreciated that the spacecraft internal 
states, in particular the CMG gimbal angles and/or the CMG 
gimbal rates, can deviate significantly from their desired val-
ues when a closed-loop implementation is derived from an 
open-loop solution. Thus, operational constraints can be vio-
::~e:~~e~a~~c;u:~~e~=~ t'::~ ~::~:::n;~;t~~ ~:~~· i;~: 10 
artifact of CMG steering law that is active in the closed-loop 
attitude control system but is not considered as part of the 
maneuver optimization in the prior art. Thus, the inventors 
have contemplated embedding CMG steering logic as part of 
the optimal control. Application of the proposed techniques 15 
and apparatus for embedding CMG steering logic (steering 
law) as part of the optimal control permits STMs or other 
optimized maneuvers to be implemented reliably using exist-
ing closed-loop attitude control architectures. In addition, a 
variety of existing CMG steering laws can be integrated as 20 
part of the maneuver design process. Time-optimal CMG 
maneuvers that exploit the desirable properties of singularity 
robust CMG steering can therefore be advantageously 
obtained using the proposed development. 
In accordance with one or more aspects of the present 25 
disclosure, methods, computer readable mediums with com-
puter executable instructions, and apparatus are provided for 
guiding a spacecraft between initial and final states using an 
array of control moment gyroscopes (CMGs). A method is 
provided, which includes receiving input data including ini-
30 tial and desired final spacecraft states, as well as a plurality of 
constraints that define desired limitations with respect to 
spacecraft attitude, spacecraft motion, and/or CMG opera-
tion, along with a steering law constraint based on a steering 
law used in operating the spacecraft. The method further 
includes formulating a control problem based at least in part 35 
on the input data including the steering law constraint, solv-
ing the control problem to provide a time-varying attitude 
command vector, and providing the time-varying attitude 
command vector as a guidance command input to an attitude 
controller of the spacecraft for operating the plurality of con- 40 
trol momentum gyroscopes to guide the spacecraft from the 
initial state to the final state. The steering law constraint may 
be included as a path constraint or a dynamic constraint in 
various embodiments. For example, a steering law path con-
straint may be used which sets an upper and/or lower bound 45 
on the difference between a control allocation as the product 
of the steering law and the CMG gimbal angle rate vector. In 
another possible embodiment, the steering law constraint is 
included as a dynamic constraint in the control problem to 
define a product of the steering law and a control variable 50 
vector. The method may further include constructing an 
objective or cost function of a spacecraft system state and a 
control variable vector representing the CMG gimbal accel-
erations or rates. Moreover, the objective function may be 
constructed with respect to an overall maneuver time and/or 55 
maneuver energy expenditure in various implementations. 
Further aspects of the present disclosure involve a space-
craft guidance system, including one or more processors pro-
grammed to implement the disclosed methods, as well as 
non-transitory computer readable mediums with computer 60 
executable instructions for spacecraft guidance according to 
the described methods. 
BRIEF DESCRIPTION OF THE DRAWINGS 
The following description and drawings set forth certain 
illustrative implementations of the disclosure in detail, which 
65 
4 
are indicative of several exemplary ways in which the various 
principles of the disclosure may be carried out. The illustrated 
examples, however, are not exhaustive of the many possible 
embodiments of the disclosure. Other objects, advantages 
and novel features of the disclosure will be set forth in the 
following detailed description when considered in conjunc-
tion with the drawings, in which: 
FIG. 1 is a perspective view illustrating translation of a 
satellite or other spacecraft from an initial orientation to a 
final orientation along an Eigen axis trajectory and along an 
exemplary optimal (non-Eigen axis) path; 
FIG. 2 is a simplified perspective view showing an exem-
plary control moment gyroscope (CMG) of a spacecraft that 
may be operated according to the techniques of the present 
disclosure; 
FIG. 3 illustrates positioning of four CMGs and corre-
sponding gimbal axes for controlling a spacecraft attitude; 
FIG. 4 is a system diagram illustrating an exemplary space-
craft with an attitude control system having an onboard guid-
ance command trajectory computation component as well is 
a ground-based system having a guidance command trajec-
tory computation component in accordance with one or more 
aspects of the present disclosure; 
FIG. 5 is a control diagram illustrating a closed loop space-
craft attitude control system receiving an input guidance com-
mand trajectory from an onboard or ground-based profile 
computation component; 
FIG. 6 is a flow diagram illustrating an exemplary method 
for guiding a spacecraft in accordance with further aspects of 
the disclosure; 
FIG. 7 is a schematic diagram illustrating further details of 
the trajectory computation component with a formulated 
optimal control problem incorporating a steering law or con-
trol law as a path constraint; 
FIG. 8 is a schematic diagram illustrating another trajec-
tory computation component embodiment with a formulated 
optimal control problem incorporating a steering law or con-
trol law as a dynamic constraint; 
FIG. 9 is a perspective view illustrating an exemplary CMG 
momentum vector in relation to a fixed reference frame; 
FIG. 10 is a perspective view illustrating an exemplary 
configuration of multiple CM Gs in an apex down orientation; 
FIG.11 is a simplified system diagram illustrating an open-
loop spacecraft model; 
FIG. 12 is a three-dimensional visualization of a shortest-
time maneuver (STM) showing spacecraft rotation projected 
on a sphere using open-loop propagation techniques; 
FIG. 13 is a graph illustrating various attitude angle, body 
rate and CMG gimbal angle curves for a shortest-time maneu-
ver solved using an open-loop approach; 
FIG. 14 is a graph illustrating various attitude, body rate 
and gimbal angle curves for open-loop implementation of a 
shortest time maneuver with 10% inertia uncertainty; 
FIG. 15 is a graph illustrating various attitude, body rate 
and gimbal angle curves showing an exemplary optimal solu-
tion and closed-loop performance of a shortest-time maneu-
ver with 10% inertia uncertainty; 
FIG.16 shows exemplary open-loop gimbal command and 
CMG output torque curves; 
FIG. 17 illustrates exemplary closed-loop torque com-
mand, gimbal command and CMG output torque curves pro-
cessed by the CMG steering law in accordance with one or 
more aspects of the present disclosure; 
FIG. 18 is a simplified system diagram of a spacecraft 
model for optimal control with CMG steering constraints 
according to various aspects of the present disclosure; 
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FIG. 19 is a three-dimensional visualization of a shortest-
time maneuver showing spacecraft rotation projected on a 
sphere using the closed loop techniques of the present disclo-
sure; and 
FIG. 20 is a graph illustrating various attitude, body rate 
and gimbal angle curves for a shortest-time CMG maneuver 
with consistent internal states and 10% inertia uncertainty in 
accordance with the present disclosure. 
DETAILED DESCRIPTION OF THE 
DISCLOSURE 
One or more embodiments or implementations are set forth 
in conjunction with the drawings, where like reference 
numerals refer to like elements throughout, and where the 
various features are not necessarily drawn to scale. Control 
apparatus and methods are presented for guiding or maneu-
vering CMG-equipped spacecraft to transition from an initial 
state to a desired final state, wherein the disclosed concepts 
find utility in association with satellites, manned spacecraft, 
or any other form of spacecraft or vehicle. 
Referring initially to FIGS. 1-3, an exemplary CMG-
equipped spacecraft 10 is illustrated undergoing such a 
maneuver between initial and final positions or attitudes. FIG. 
1 illustrates an exemplary spacecraft 10 in a first position in 
which a telescope or camera thereof is aligned to obtain 
images of a first reference point 2, as well as in a second 
position (shown in dashed lines in the figure) with the tele-
scope facing a second reference point 4. FIG. 1 further shows 
an arcuate Eigen axis path 6 representing one manner of 
translating the spacecraft 10 from the first position to the 
second position, as well as a non-Eigen axis path 8 (shown in 
dashed line), either of which can be achieved using the guid-
ance-based attitude control concepts of the present disclo-
sure. FIG. 2 illustrates an exemplary CMG 12 of the space-
craft 10, where the spacecraft 10 can have any number of 
CM Gs 12, such as four or more having associated gimbal axes 
pointing in different directions in one example as shown in 
FIG. 3. The CMG 12 of FIG. 2 includes a rotating disk 14 as 
well as a rotor housing 16, with a gimbal axis 18 and a spin 
axis 20 about which the disk 14 rotates. In operation, the angle 
22 of rotation of the CMG 12 about the gimbal axis 18 (i.e., 
the rotational gimbal angle 11) changes orientation of the spin 
axis 20, and thus changes the direction of momentum vector 
H for a given CMG 12. The vector cross product of the gimbal 
angle rate (11') and the momentum vector H provides for a 
torque acting orthogonal to the plane of the rotor housing 16. 
As seen in FIG. 3, moreover, disposition of multiple CMGs 
12 at different points relative to a structure of a spacecraft 10 
and manipulation of the gimbal axes 22 of the various CM Gs 
12 allows controlled application of torques to the spacecraft 
10 to provide three-dimensional control of the spacecraft 
orientation or attitude. 
Referring also to FIGS. 4-8, the spacecraft 10 is equipped 
with an attitude control system 30 having an attitude control-
ler 32 providing a torque command vector 32a (Team) to a 
steering law component 34, which in tum provides gimbal 
angle rate command signals 34a (11') to the CM Gs 12 in order 
to control the angular orientation of the spacecraft 10. The 
attitude control system 30 can be implemented using any 
suitable hardware and/or processor-executed software or pro-
cessor-executed firmware via one or more processors and 
associated electronic memory, including without limitation 
microprocessors, microcontrollers, DSPs, programmable 
logic, FPGAs, etc. In certain embodiments, one or more such 
processing elements is programmed via computer executable 
instructions stored in an onboard memory of the system 3 0 to 
6 
perform the attitude control and guidance command attitude 
profile generation concepts disclosed herein. In this regard, 
the attitude controller 32 and the steering law 34 as well as 
other illustrated and described components of the attitude 
control system 30 can be implemented via processor-ex-
ecuted software components. 
As seen in FIG. 4, the spacecraft 10 also includes one or 
more sensors 24 providing sensor output signals or values 24a 
to the attitude controller 32, for example, to indicate the 
10 measured spacecraft angular positions and changes therein. 
For instance, the sensors 24 may be disposed at various loca-
tions on the spacecraft 10 in order to provide signals and/or 
values indicative of the spacecraft orientation or attitude in 
the form of a vector ( q=[ qv Cb, q3 , q4 f), as well as the 
15 spacecraft angular rate in the form of a vector (w=[wv w2 , 
w3]7), where the orientation and rate vectors q and w each 
include a plurality of associated values corresponding to a 
number of axes in a given coordinate system. In the illustrated 
embodiments, for example, the attitude control system 30 
20 operates according to a quaternion representation of orienta-
tion or attitude, which is a four-dimensional representation of 
the orientation angles. Likewise, the rate vector co is also 
represented in one embodiment as having three values co 1 , w2 , 
and w3 , although not a strict requirement of all possible 
25 implementations of the present disclosure. For example, 
other coordinate system representations may be used, e.g. 
Euler angles, which will typically be three-dimensional or 
other representations of possibly higher dimensions. Space-
craft 10 is equipped with a communications interface 28 
30 allowing communication with a ground-based system 40 hav-
ing a similar interface 48. In one possible configuration, the 
ground-based system 40 is a processor-based apparatus that 
provides a desired quaternion orientation as an input vector 
qcom' and/or a desired rate vector wcom' and/or a desired 
35 acceleration vector a acorn 26 to the attitude controller 32, 
with the attitude controller 32 determining an error vector 
representing the difference between the current spacecraft 
position and/or rate vector(s) 24a and the desired vector(s) 
26. The attitude controller 32 in general operates in closed-
40 loop fashion to minimize this error by providing a torque 
command vector 32a to the steering law 34 for generation of 
the gimbal angle rate signals or values 34a provided to the 
CMGs 12. In this manner, an operator (or system) on the 
ground may provide a desired command to cause the attitude 
45 control system 30 to readjust the attitude of the spacecraft 10. 
Either or both of the spacecraft 10 and the ground-based 
system 40 may include apparatus for guiding the spacecraft 
10 by providing a time-varying command vector 44 (a guid-
ance command trajectory) as a guidance command input 26 to 
50 the attitude controller 32 of the spacecraft 10. As seen in FIG. 
4, the ground-based system 40 and/or the onboard attitude 
control system 30 may thus be provided with a trajectory 
computation component 42 which generates the time-varying 
command vector 44 based in whole or in part on a desired 
55 attitude or orientation 46. In this regard, certain implementa-
tions may involve the ground-based system 40 providing the 
desired final spacecraft orientation or attitude (e.g., a four 
dimensional quaternion vector and/or three dimensional rate 
vector) 46 to the spacecraft 10 via the communications inter-
60 faces 48, 28, with the spacecraft-based trajectory computa-
tion component 42 using this and the initial spacecraft state 
from the sensor signals or values 24a to generate the guidance 
command trajectory 44 for provision to the attitude controller 
32. In another possible implementation, the ground-based 
65 system 40 employs a local processor-based trajectory com-
putation component 42 to generate the attitude trajectories 44 
based on the desired attitude vector 46 as well as on sensor 
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output signals or values 24a received from the spacecraft 10 
through the communications interfaces 28, 48 in order to 
compute the guidance command trajectory 44 for subsequent 
transmission to the spacecraft 10 via the interfaces 28, 48. As 
discussed further below, moreover, the trajectory computa-
tion components 42 of the spacecraft 10 and/or of the ground 
based system 40 also employ or include the steering law 34 in 
computing the guidance command trajectory 44. In this 
regard, the communications interface 28, 48 may be used in 
certain embodiments to transmit information about the steer-
ing law 34 from the spacecraft 10 to the ground-based system 
40 for use by the ground a profile computation component 42 
in providing the guidance command trajectory 44 for trans-
mission from the ground-based system to spacecraft 10 for 
use by the attitude controller 32. Alternatively, a spacecraft-
based profile computation component 42 may directly obtain 
information regarding the steering law 34 used in connection 
with the attitude controller 32, and use the information about 
the steering law 34 in combination with the desired attitude 46 
and computing the guidance command trajectory 44 to be 
used as an input to the attitude controller 3 2. As noted, various 
embodiments can be used in which the desired attitude 46 is 
generated locally at the spacecraft 10 and/or the desired atti-
tude 46 may be provided from the ground-based system 40 to 
spacecraft 10 via the communications interfaces 28 and 48. 
FIG. 5 illustrates a block diagram 50 showing operation of 
the attitude control system 30 in closed loop form using the 
time-varying attitude command vector 44 as a time-varying 
setpoint input 26 to the attitude controller 32. The attitude 
controller 32 compares the desired command vector 26 to one 
or more feedback vectors obtained from the attitude sensors 
24 through a filter 25. In operation, the attitude controller 32 
compares the current orientation of the spacecraft 10 received 
by way of a feedback vector 25a from the filter 25 represent-
ing a filtered output from the attitude sensor signals or values 
24a, with the desired attitude and/or the derivative of the 
desired attitude 26. As seen in FIG. 5, the current spacecraft 
state may be in terms of angular positions "q" and/or may be 
represented as angular speeds "w", or the system may operate 
according to angular acceleration values (not shown) or any 
combinations thereof. The diagram 50 of FIG. 5 includes the 
steering law 34 receiving the three, typically orthogonal, con-
trol torques (Team) as a vector 32a from the attitude controller 
32, with the steering law 34 in certain embodiments deter-
mining how the commanded control torques can be generated 
8 
be provided by all embodiments of the present disclosure. 
Although the illustrated process 60 and other methods of the 
present disclosure are depicted and described in the form of a 
series of acts or events, it will be appreciated that the various 
methods of the disclosure are not limited by the illustrated 
ordering of such acts or events except as specifically set forth 
herein. Except as specifically provided hereinafter, some acts 
or events may occur in different order and/or concurrently 
with other acts or events apart from those illustrated and 
1 o described herein, and not all illustrated steps may be required 
to implement a process or method in accordance with the 
present disclosure. The illustrated methods may be imple-
mented in hardware, processor-executed software, or combi-
nations thereof, in order to provide spacecraft guidance func-
15 tions as described herein, and various embodiments or 
implementations include non-transitory computer readable 
mediums having computer-executable instructions for per-
forming the illustrated and described methods. For instance, 
the method 60 may be performed in the attitude control sys-
20 tern 30 of the spacecraft 10 and/or via a processor of the 
ground-based system 40 to implement the guidance com-
mand trajectory computation concepts disclosed herein. 
Referring now to FI GS. 6-8, method 60 begins at 62 in FIG. 
6, with the trajectory computation component 42 receiving an 
25 initial spacecraft state 72, which may be derived in whole or 
in part, directly and/or indirectly (e.g., through the filter 25 in 
FIG. 5) from the attitude sensor output signals or values 24a, 
which may also include feedback from the array of CM Gs 12. 
In particular, the initial spacecraft state 72 in FIG. 7 includes 
30 an initial spacecraft attitude vector 24a (q=[qv q2 , q3 , q4 f), 
an initial spacecraft rate vector 24a ( w=[ w v w2 , w3 f), and an 
initial CMG angle vector 72a (0=[01 , ... , onf). The trajec-
tory computation component 42, moreover, receives a desired 
final spacecraft state 74 at 62 in FIG. 6, which defines the 
35 desired final spacecraft attitude vector 46 ( q=[ qv q2 , q3 , q4 f), 
a desired final spacecraft rate vector 46 (w=[w1 , w2 , w3 f), 
and a desired final CMG angle vector 74a (0=[01 , ... , onf). 
As mentioned above, the desired final spacecraft state 7 4 may 
be provided, in whole or in part, directly and/or indirectly, 
40 from the ground-based system 40 (e.g., desired attitude 46 in 
FIG. 4 above) and/or the final state 74 may be generated on 
board the spacecraft 10. In the illustrated implementation, the 
attitude vector is four dimensional due to the preferred use of 
a quaternion attitude representation, and the rate and CMG 
45 vectors 72a and 74a are each three dimensional and four 
by steering the CMG array 12 in a way that attempts to avoid 
singular states. The spacecraft dynamics 52 in FIG. 5 repre-
sent operation of the CMG array 12 as well as any other 
physical characteristics of the spacecraft (e.g., center of grav-
ity, etc.), where the attitude sensors 24 sense the dynamic 50 
output 52a of the spacecraft dynamics 52 (in terms of an angle 
vector q, an angle rate vector w, an angle acceleration value, 
etc). In the illustrated embodiment, for example, the attitude 
sensor 24 may be an array of sensors (not shown) operative to 
measure the angular rate of the spacecraft rotation and to use 55 
this information to compute the spacecraft attitude. The filter 
dimensional vectors respectively, although the various con-
cepts of present disclosure are not limited to the specific 
examples, and the initial and desired final states 72 and 74 
may be defined and/or represented in terms of vectors of 
different (e.g., higher and/or lower) orders than the illustrated 
implementations. The inputs thus define the desired space-
craft attitude orientations as well as the spacecraft angular 
rates at the beginning and end of the maneuver, and may also 
include initial and final CMG states in certain implementa-
tions, e.g., gimbal angles, gimbal rates and/or gimbal accel-
erations. Any number of different inputs can be provided 
allowing configuration for various different maneuvers 
including contingency maneuvers, without modifying the 
onboard attitude control law or the onboard steering law 34 
used by the attitude control system 30. 
25 advantageously operates to smooth out the raw sensor data 
24a, and may be omitted in certain implementations. 
FIG. 6 illustrates an exemplary process or method 60 for 
guiding a spacecraft 10 from an initial state to a final state 60 
(e.g., from the initial state facing a reference point 2 to a final 
state facing a reference point 4 in FIG.1 above) using an array 
of CM Gs 12. The illustrated process 60, in practice, may be 
advantageously employed to mitigate or avoid CMG singu-
larity problems, even in the presence of loss of one or more 65 
CM Gs 12, thereby additionally providing contingency opera-
tion, although singularity avoidance is optional and need not 
The trajectory computation component 42, moreover, 
receives one or more constraints 76 at 62, which may include 
one or both of dynamic constraints 76a as well as path con-
straints 76b. In various embodiments, the component 42 
receives at least one constraint 76 that defines desired limita-
tions with respect to spacecraft attitude, spacecraft motion, 
and/or CMG operation. In addition, the input data received at 
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addition, the desired final state 74 describes the desired state 
of the spacecraft 10 at the end of the maneuver. A guidance 
command trajectory 44 is obtained for each maneuver that is 
to be performed as the solution to the optimal control problem 
78 in these examples. In the illustrated embodiment, the 
objective function "J[x(*), u(*), t]", also referred to as the cost 
function, is the overall maneuver time, t,t0 , with an adjust-
able weighted factor taking into account the maneuver energy 
expenditure w 1f, tr~t=ol n 6,2. In this example, with the weight-
ing factorw 1 set fo 0, the objective function is strictly in terms 
of the total maneuver time, and thus the solution to the control 
problem can be used to implement a shortest-time maneuver 
(STM). In other possible embodiments, the objective func-
tion can be strictly in terms of the maneuver energy expendi-
ture, or the illustrated example can be used with a non-zero 
weighting factorw 1 such that the selected guidance command 
attitude profile 44 advantageously reduces both the maneuver 
time and a model of the maneuver energy expenditure. In 
addition, the model of the spacecraft dynamics (x') is given by 
standard equations in these examples, well known to those of 
62 by the computation component 42 includes at least one 
steering law constraint77 (e.g., FIGS. 7 and8 below) based at 
least partially on the steering law 34 used in operating the 
spacecraft 10. In the example of FIG. 7, the profile computa-
tion component 42 receives initial and final spacecraft state 
information 72 and 74, respectively, as well as dynamic con-
straints 76a and path constraints 76b, where the path con-
straints in this example include the steering law constraint 77 
(indicated as p6 in this example). FIG. 8 illustrates another 
possible embodiment in which the steering law constraint 77 10 
is included as a dynamic constraint 76a. As described further 
below the trajectory computation component 42 formulates 
and solves a control problem 78 using the control or steering 
law constraint 77 (e.g., as a path constraint or as a dynamic 
constraint) in order to provide the guidance command trajec- 15 
tory 44 for use in operating the CM Gs 12 to guide the space-
craft 10 from the initial state 72 to the desired final state 74. 
The inventors have appreciated that incorporation of the 
steering law constraint 77 in the control problem formulation 
advantageously facilitates controlled operation of the space-
craft 10 during maneuvers, for example, to avoid or mitigate 
transitions outside of the other dynamic and/or path con-
straints 76 when the spacecraft 10 is operated in closed-loop 
fashion. 
20 ordinary skill in the art. The spacecraft attitude is described 
using quaternions, and the dynamics of the CMG gimbals 12 
in this example are described using a simple single or double 
integrator model. In other embodiments, alternative models 
of the dynamics of the CMG gimbals could be utilized. The 
The computation component 42 in these examples utilizes 
dynamic constraints 76a regarding the time derivative of the 
spacecraft state vector (x'). An example of the spacecraft 
dynamics includes an equation describing the spacecraft 
acceleration that is affected by the spacecraft inertia (J), and 
vectors representing angular rate w, CMG momentum (h) and 
the time derivative thereof (h'). In addition, the evolution of 
the spacecraft state vector (x) can be characterized in terms of 
kinematic differential equations comprising a skew symmet-
ric matrix Q( w) whose elements are a function of the angle 
rate w, and further with respect to the first time derivative of 
the gimbal angle ll and further, in certain embodiments, with 
respect to the second time derivative of the gimbal angle ll. 
The constraints 76, in this regard, may be dynamically 
adjusted as needed by any process operator, at the spacecraft 
10 and/or by the ground-based system 40, or the constraints 
76 may be updated with each usage of the trajectory compu-
tation component 42. As seen in FIG. 7, moreover, certain 
embodiments provide at least one path constraint 7 6b limiting 
the norm of the spacecraft attitude vector ( q=[ q1 , Ch, CD, q4 f), 
and/or one or more box constraints defining limits (wmim 
wmax) on the values of spacecraft angle rates ( w,) of the 
spacecraft rate vector 46 (w=[wv w2 , w3f), and/or one or 
more box constraints on the spacecraft acceleration or higher 
motion derivatives, and/or a box constraint defining limits 
(ll'mim ll'max) on the values of each CMG gimbal rate ll', of the 
CMG angle rate vector 74a (ll'=[ll', ... , ll'nf) and/or a box 
constraint defining limits (ll'mim ll"max) on the absolute value 
of each CMG gimbal acceleration ll', (not shown in FIG. 7). 
The input data 72, 74, 76, 77 received by the profile com-
putation component 42 thus describes the state of the space-
craft 10 at the beginning of the maneuver as well as the 
spacecraft state at the end of the maneuver, in addition to 
constraints that must be satisfied during the maneuver and the 
steering law constraint 77. In one possible implementation, a 
set of inputs can be provided at 62 in a vector form including 
the spacecraft state 72 at the beginning of one possible reori-
entation maneuver (FIGS. 7 and 8). In these examples, the 
spacecraft 10 starts from rest, i.e. with the spacecraft angular 
rates or speed set to zero ( w=[O, 0, Of), and with the attitude 
described by the quaternion vector q=[ qv Ch, Cb, q4f. In this 
implementation, moreover, the initial configuration of the 
CMG array 12 is specified by vector ll=[ll1 , ... , llnf· In 
25 system states in this example are satellite angular rates, and 
the quaternions, and the CMG gimbal angles. The control 
variables are CMG gimbal rates. In other embodiments, the 
CMG gimbal rates may be taken as part of the system state 
and the CMG gimbal accelerations, or the desired CMG 
30 gimbal torques or CMG gimbal currents may be selected as 
the control variables. In the illustrated implementations, a 
path constraint on the norm of the quaternion vector is speci-
fied, and box constraints are imposed on the allowable CMG 
gimbal rates and on the allowable CMG gimbal angles. Path 
35 constraints 76b on the satellite angular rates can also be 
specified as shown at 76 in FIGS. 7 and 8 and/or path con-
straints on the satellite angular accelerations (not shown) can 
also be specified. 
At 64 in FIG. 6, the trajectory computation component 42 
40 formulates a control problem (e.g., an optimal control prob-
lem 78 as shown in FIGS. 7 and 8) at least partially according 
to the input data 72, 74, 76, 77, including or incorporating the 
steering law 34, such as by consideration of the steering law 
constraint 77. In the example of FIG. 7, the component 42 
45 constructs an objective function or cost function 79 (J[x(-), 
u(-), t]=tr-t0 +w 1f,0 tr~i~I n 6,2) that includes a spacecraft system 
state x(*) defined by the spacecraft attitude vector ( q=[ q1 , Ch, 
q3 , q4 ] r), the spacecraft rate vector ( w=[ w v w2 , w3 ] r), and the 
CMG angle vector (ll=[llv ... , on]7), as well as a control 
50 variable vector u representing CMG gimbal rates (ll'= 
[ll\, ... , ll'nlr) where, the objective function is constructed in 
terms of overall maneuver time (t,t0 ) and t~e maneuver 
energy expenditure is modeled as w 1f, tr ~,~1 n o,2. Different 
embodiments are possible with the coiitputation component 
55 42 formulating any suitable type of control problem 78 for 
which a solution provides time-varying signals or values 
(e.g., time-histories) of the spacecraft attitude and other inter-
nal states, including without limitation, spacecraft angular 
velocities, gimbal angles, gimbal rates, gimbal accelerations, 
60 etc. 
The time-varying attitude command signals or values pro-
vided as part of the guidance command trajectory 44 in cer-
tain embodiments correspond to a spacecraft maneuver that 
enables the specifications on the initial and final spacecraft 
65 states and CMG configuration to be met within a predeter-
mined tolerance. The optimal control problem 78 in this 
example, moreover, is solved by the trajectory computation 
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28 without any further modification to the spacecraft 10. 
Alternatively, as seen in FIG. 4, the trajectory computation 
component 42 may be implemented in a processor-based 
system of the spacecraft 10. The attitude controller of FIGS. 
4 and 5 compares the current measured spacecraft orientation 
and/or the time-derivatives of the spacecraft motion to the 
time-varying attitude command vectors 26 comprising qcom 
and/or wcom and/or acorn· Attitude profiles 44 are used as an 
input to any conventional attitude controller 32 in order to 
component 42 to minimize or maximize a mathematical 
objective function related to some aspect of the spacecraft 
performance, such as minimizing or reducing the overall 
maneuver time (y-t0 ) (e.g., Minimize J[x(*), u(*), t]=(y-t0 )) 
alone or in combination with minimizing or reducing the 
maneuver energy expenditure. Moreover, an objective func-
tion to be optimized need not be specified in all embodiments, 
and other implementations are contemplated in which a solu-
tion to an optimal control problem formulation may be used 
that enables the specifications on the initial and final space-
craft states and CMG array configuration to be satisfied with-
out regard to a particular objective function. The control 
problem formulation 78 may also provide a mathematical 
specification of the nominal and/or failed spacecraft dynam-
ics, which can be a model having any arbitrary fidelity as 
selected by an operator or other user. The use of the dynamics 
model in certain embodiments helps to ensure that the solved 
maneuver trajectory, i.e. the solution to the control problem, 
will cause the spacecraft to successfully perform the maneu-
ver with respect to the governing physics. As seen in FIGS. 7 20 
and 8, the optimal control problem formulation 78 can addi-
tionally include mathematical specifications that constrain 
the operation of the spacecraft to predefined bounds, such as 
10 generate a vector of time-varying control torque signals that 
are subsequently processed by the steering law 34 to reorient 
the spacecraft 10 between any arbitrary initial attitude 72 to 
any arbitrary final attitude 74. The output of the steering law 
34 accordingly provides a vector of time varying gimbal rate 
15 commands 34a that are used to drive the individual CMG 
an inequality that constrains the spacecraft angular rate to be 
above or below certain values, or other constraints with 25 
respect to CMG gimbal angles, gimbal rates, and/or gimbal 
accelerations can also be defined as part of the optimal control 
problem formulation at 64. 
The control problem 78 is then solved at 66 in FIG. 6 in 
order to provide the time-varying guidance command vector 30 
44 comprising 'lcom=[q1 , Ch, Cb, q4 f and/or Wcom=[w1 , W2 , 
w3 ]r and/or acom=[au a 2 , a 3 f which includes a plurality of 
time-varying attitude command signals or values 26 repre-
senting a plurality of spacecraft states and control trajectories 
with respect to spacecraft angles q and/or spacecraft angle 35 
rates w and/or spacecraft angle accelerations a. In the illus-
trated implementations, moreover, the control problem 78 is 
solved at 66 using at least one processor of the spacecraft 10 
and/or of the ground based system 40 by minimizing the 
overall maneuver time (y-t0 ) or minimizing the maneuver 40 
energy expenditure or by minimizing or at least reducing a 
surmnation of these factors (e.g., y-t0 +w J,0~~1nb,2). In one 
possible implementation, the control problem 78 can be 
solved by a programmed processor via the Legendre Pseu-
dospectral optimal control technique, although other embodi- 45 
ments could also be applied to perform the control problem 
solution at 66, including without limitation genetic algo-
rithms, neural networks, potential field methods, inverse 
methods, shooting, multiple shooting or collocation. As a 
result of the optimal control problem solution at 66, the time- 50 
varying attitude command signals or values 26 are provided, 
gimbals 12. In other possible nonlimiting implementations, 
the output of the steering law 34 could be a vector of gimbal 
angles, gimbal accelerations, gimbal torques, or gimbal cur-
rents depending on the control architecture that is imple-
mented as part of the spacecraft attitude control system 30. 
The resulting motion of the CMG gimbals 12 causes a torque 
to be applied to the spacecraft body 10 that, in turn, enables 
the spacecraft 10 to be rotated or otherwise repositioned. 
As previously noted, shortest-time maneuvering advanta-
geously allows maximization of data collection and/or rev-
enue for satellite operators by reducing slew time which, in 
turn, increases the capacity of the system. To take advantage 
of this capability while ensuring safe and proper satellite 
operation, it is important to ensure consistent evolution of the 
spacecraft internal states when STMs are executed on the 
spacecraft 10 to avoid violating hardware or other mission 
constraints. The present disclosure provides a novel maneu-
ver computation technique which can be employed for 
designing STMs or other maneuvers (e.g., lowest energy 
maneuvers) with consistent internal states by accounting for 
the dynamics and/or control allocation characteristics of a 
given steering law 34 in the formulation of the optimal control 
problem used to generate the guidance command trajectory 
44. In particular, the inventors have appreciated that this novel 
approach addresses some of the inherent complexities of 
CMG systems directly, as part of the maneuver design pro-
cess by integrating one or more CMG steering law as part of 
the optimal control problem formulation. This, in turn, facili-
tates reliable implementation ofSTMs using existing or heri-
tage closed-loop attitude control architectures without requir-
ing modification of spacecraft attitude control system 30 or 
steering law 34 itself. Embedding the CMG steering logic as 
part of the optimal control also enables the design of singu-
larity robust time-optimal maneuvers that can be successfully 
implemented using a closed-loop attitude control system 30. 
Referring also to FIGS. 9-12, several exemplary imple-
mentations are hereinafter illustrated and described. In the 
following, a highly maneuverable control moment gyroscope 
(CMG) spacecraft testbed system is described which allows 
+/-45° of rotation about the pitch and roll (horizontal) axes 
and unconstrained rotation about the yaw (vertical) axis. This 
setup provides a large envelope over which a wide variety of 
attitude maneuvers can be demonstrated in a ground based 
laboratory environment. A typical scenario is a rapid image 
for example, as a set of state and control trajectories that 
describe the time-evolution of the spacecraft attitude and 
other internal states over the time interval between the begin-
ning and end of the maneuver (e.g., between t0 and tr)· In one 55 
possible implementation, only the attitude profile 44 (e.g. 
qcom) may be used as the guidance command 26, but time-
derivatives of the attitude profile 44 ( e.g (!)com and/or acorn) 
could also be used to drive the attitude controller in other 
possible alternative embodiments. 60 acquisition operation, which is emulated in the test environ-
ment using a low-cost CCD camera. For primary attitude 
control, the testbed uses four CM Gs 12 arranged in a standard 
pyramidal array, with a CMG pyramid skew angleof~=54.7°. 
The testbed also has a multi-axis cold gas reaction control 
At 70 in FIG. 6, the time-varying attitude command vector 
44 is provided as a guidance command input 26 to the space-
craft attitude controller 32 (FIGS. 4 and 5). One possible 
implementation provides the trajectory computation compo-
nent 42 at a ground based system 40 (e.g., FIG. 4 above), with 
the ground-based system 40 providing the guidance com-
mand trajectory 44 via the communications interfaces 48 and 
65 system (RCS) that can be used for desaturating the CMG 
array 12 or for simulating various torque disturbances. 
Onboard attitude control and telemetry processing is done 
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using a computer, with a wireless link used to communicate 
with a ground terminal. In this exemplary system, attitude is 
constructed from the outputs of three orthogonally mounted 
gyros and a magnetometer/accelerometer unit, and additional 
instrumentation is available to monitor CMG power con-
sumption, as well as the state of the CMG array 12 including 
CMG wheel rates and gimbal positions, rates and accelera-
tions. The system can be mathematically modeled by consid-
ering the equations of motion of a rigid body spacecraft 
actuated by an array of momentum exchange devices. The 10 
testbed has a mass-balance mechanism that can be tuned to 
align the simulator center of rotation with the system center of 
mass. Thus, the system can be nominally operated in the 
absence of external gravity torques to emulate gravity free 15 
space environment. In this case, the standard equation 
expressing the rotational dynamics of the CMG spacecraft is 
obtained, as shown in the following equation (1). 
Jw+(J)xJ(J)+(J)xh+h=o (1) 20 
FIG. 9 provides a view 80 of a momentum vector h of a 
CMG 12 in relation to a fixed reference frame p where, the 
individual CMG momentum vectors h, can be expressed with 
respect to a fixed reference frame p through a transformation 25 
of the form according to the following equation (2): 
r
-cos(a:;)cos(j3)sin(6;) - sin(a:)cos(6;) 1 
h; = 1,.;fl; -sin(a:;)cos(j3)sin(6;) + cos(a:)cos(6;) 
sin(j3)sin(6;) 
(2) 
where Js is the rotor inertia about the spin axis and Q is the 
rotor spin rate. Angles a and ~ denote the base circle spacing 
angle and the fixed pyramid skew angle, respectively. 
FIG. 10 provides a view 82 showing an exemplary CMG 
configuration for the testbed, in which the CMG pyramid is 
rotated with respect to the spacecraft frame to form an apex 
down arrangement. Thus, the CMG angular momentum vec-
tor may be expressed in the body fixed frame according to the 






-cos(a:;)cos(j3)cos(6;) + sin(a:;)sin(6;) 1 
a; = 1,.;fl; -sin(a:;)cos(j3)cos(6;) - cos(a:;)sin(6;) 
sin(j3)cos( 6;) 
(5) 
Using the above definitions for the CMG angular momentum 
vector and its time derivative, the Newton-Euler equations 
can be rewritten as a vector of first-order differential equa-
tions according to the following equation (6). 
(6) 
To complete the mathematical model of the spacecraft 
dynamics, the differential equations for the attitude kinemat-
ics can be defined, where the spacecraft attitude is modeled 
using quaternions parameterized according to the following 
equation (7): 
q=[e 1 sin(<l>/2),e2 sin(<l>/2),e3 sin(<l>/2), cos(<l>/2)]T (7) 
where e=[e1 , e2 , e3 ] is the Euler vector (Eigen axis) and <I> is 
the rotation angle around the Eigen axis. The following equa-
tion (8) shows the corresponding quaternion differential 
equation: 
(8) 
where the skew-symmetric matrix Q(w) is given by the fol-
lowing equation (9): 




Q W1 W2 
-W1 Q W3 
-W1 -W2 -W3 Q 
Referring again to FIGS. 4 and 5, given an attitude com-
mand 26, the attitude controller 32 (FIG. 5) computes a tra-
jectory of torque commands 32a (tcom) (see FIG. 4) that 





45 generated by the CMG array 12 as a results of gimballing the 
CMGs 12atthedesiredCMGgimbalrates beam 34a (see FIG. 
4). A common attitude control law is the quaternion feedback 
control logic. When the attitude command 44 in this example 
is specified in terms of quaternions, qc=[q1c, q2 c, ~c' q4 c]r, 
where RP is a rotation matrix relating the CMG pyramid frame 
p to the body frame and h, are the individual CMG angular 
momenta expressed in the pyramid frame p. In this case, the 
torques acting on the spacecraft body are given by the follow-
ing equation (4): 
50 the spacecraft control torques, i:c, can be computed according 
to the following equation (10). 
<c=-Keq-Cw+wx(J(J)+h) (10) 
The attitude error vector, eq =[ q1e, q2 e, ~elr is obtained by the 
55 following equation (11). 
4 (4) 
h =RP I, h; = RpA(o)o 
i=l 60 
where the columns of matrix A(o)=[a1 (0 1)la2 (02 )1a3 (03 )1a4 
(o4 )] are obtained by differentiating the individual CMG 
momentum vectors with respect to time and separating the 65 
resulting 6 terms. For example, differentiating equation (2) 
and omitting the 6 terms yields the following equation (5). 
q!e q4, q3, -q2c -qlc -qi (11) 
q2, -q3c q4, q!c -q2c -q2 
q3, q2, -qlc q4, -q3c -q3 
q4, q!c q2, q3, q4, q4 
In equation (10), the action of gain matrices Kand C can be 
interpreted as a proportional and derivative control, and the 
gain matrices K and C can be constructed using any suitable 
techniques as are known to those of ordinary skill in the art. In 
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another embodiment, the spacecraft control torques can be 
computed according to the following equation (1 la). 
i:c=-Keq-C(wcom-w)+wx(Jw+h) (lla) 
Or, in another embodiment, the spacecraft control torques can 
be computed according to the following equation (11 b ). 
i:c =-Keq-C( ())com-()) )-Dacom +wx(Jw+h) (llb) 
16 
solved efficiently in one embodiment using the Legendre 
Pseudo spectral optimal control theory instantiated in the soft-
ware package DIDO. 
Referring also to the three-dimensional visualization 90 in 
FIG.12, in one implementation, the STM problem was solved 
for a 70-deg maneuver around the z-body axis of the ground-
based testbed in order to illustrate the predictability of closed-
loop implementation of shortest-time maneuvers. In this 
example, the optimal maneuver time is 18.5-sec, and FIG. 12 
10 illustrates a visualization of the shortest-time maneuver, 
showing spacecraft rotation projected onto a sphere, includ-
ing X, Y, and Z axis maneuver paths 92, 94 and 96, respec-
tively. As seen in FIG. 12, the spacecraft 10 simultaneously 
In equation ( 11 b ), gain matrix D is interpreted as an accel-
eration feedforward gain matrix. The CMG steering law 34 
allocates the computed torque command 32a among the indi-
vidual CMQs 12, and determines the appropriate gimbal rate 
commands Ile (34a) for generating the commanded torque "tc 
Besides serving as a mechanism for control allocation, the 
CMG steering law 34 may also, by design, advantageously 15 
avoid or mitigate the occurrence of singular states. One com-
mon CMG steering law 34 that may be employed is the 
singularity robust inverse logic in which the gimbal rate com-
mands are obtained according to the following equation (12): 
rotates about all three body axes in order to minimize the 
maneuver time. 
FIG.13 provides graphs 100, 110, 120, 130, 140, 150, 160, 
170, 180 and 190 illustrating attitude angle, body rate and 
CMG gimbal angle curves for the shortest-time maneuver 
solved using this open-loop approach. The graphs 100, 110, 
bc=AT[AAT+MT\ (12) 
where I is the identity matrix and A is a small positive con-
stant. Note that if "A=O, equation (12) reduces to the Moore-
Penrose pseudoinverse. 
FIG.11 illustrates an open-loop spacecraft model, in which 
the spacecraft dynamics 52 (FIG. 5 above) is seen to include 
those of CMG array 12 as well as those of the spacecraft 10. 
A shortest-time maneuver problem can be solved as an opti-
mal control problem using the open-loop spacecraft model 
shown in FIG. 11, where the optimal control problem fornm-
lation is given by the following equation (13), wherein the 
cost function is minimized to provide a minimal maneuver 
time (to minimize the final time tr) in one example. 
(STM) (13) 
Minimize J[x( · ), u( · ), t] = t1 
Subject to x(t) = f(x, u, t) 
Xo = [e0sin('i)· cos('i)· wo, oaf 
p(x, u, t) sO 
The solution to the optimal control problem in (13) above 
gives the state-control function pair, t---;.(x,u), where the con-
trol variable u=bc that drives the spacecraft from its initial 
orientation 72 (q0 =[e0 sin(<I>0/2), cos(<I>0/2)f) to the desired 
final attitude 74 ('lf=[efsin(<I>j2), cos(<I>j2)]7) in minimum 
time (e.g., minimizing time tr)· The maneuver will also adhere 
to the desired end-point conditions on the spacecraft angular 
rates, w0 and wfand the CMG gimbal angles, 00 and llfl if any 
are specified. 
Additional constraints can be defined on the states and/or 
controls for designing maneuvers that can be implemented on 
a real spacecraft system 10, for example, by defining appro-
priate path constraints, p(x,u,t)sO, for the optimal control 
problem. For example, avoiding saturation of the CMG 
torque inputs can be facilitated by limiting the maximum 
angular rate of the spacecraft 10, wherein a reasonable angu-
20 120, 130, 140, 150, 160, 170, 180and190 of FIG. 13 respec-
tively illustrate open-loop curves 102, 112, 122, 132, 142, 
152, 162, 172, 182and192 (solid-line curves in the figure) as 
well as optimal value curves 104, 114, 124, 134, 144, 154, 
164, 174, 184and194 (dashed-line curves). Optimality of the 
25 maneuver was verified using standard checks, wherein the 
verification and validation process included an open-loop 
propagation test in which the optimal gimbal rate control was 
propagated through the system dynamic equations, by using a 
standard numerical integrator (e.g. a 4'h-order Runge-Kutta 
30 method). The results of the propagation test are seen in FIG. 
13, showing that the system states evolve as expected and that 
the maneuver can be successfully implemented for the nomi-
nal system 10. In this example, moreover, the residual error 
norm at the end of the optimal control propagation was 1.2-
35 deg.As seeninFIG.13, the graphs 100, 110 and120 show the 
attitude angles cp, 8, and 1.jl, respectively, as a function of time 
during the maneuver, graphs 130, 140and150 show the body 
rates Wu w2 and w3 , respectively, and the graphs 160, 170, 180 
and 190 show the elements of the 4-dimensional gimbal angle 
40 vector llu 02 , 03 and 04 during the maneuver of the spacecraft 
10, respectively. 
FIG. 14 shows graphs 200, 210, 220, 230, 240, 250, 260, 
270, 280 and 290 illustrating attitude angle, body rate and 
CMG gimbal angle curves forthe open-loop implementation 
45 of the STM with 10% inertia uncertainty, wherein open-loop 
curves 202, 212, 222, 232, 242, 252, 262, 272, 282 and 292 
are shown in solid line, and optimal value curves 204, 214, 
224, 234, 244, 254, 264, 27 4, 284 and 294 are shown in dashes 
lines. Inaccurate products of inertia or control-axis misalign-
50 ment or other uncertainties can cause the residual error at the 
end of the maneuver to increase significantly if the optimal 
gimbal rates are implemented in the open-loop, for example 
by operating the spacecraft as exemplified by the block dia-
gram shown in FIG. 11. For instance, FIG. 14 shows one 
55 open-loop STM implementation assuming the typical 10% 
uncertainty in the spacecraft inertia matrix. In this regard, the 
graphs 200, 210 and 220 show that the residual error at the end 
of the open-loop maneuver is more than 7-deg. Moreover, 
some of the spacecraft angular rates are seen in graphs 230, 
60 240 and 250 to exceed the specified maximum rate of 
wmax =3.5 deg/sec. This behavior is undesirable because the 
violation of the angular rate constraint may cause the CMGs 
12 to become saturated, and/or cause loss of control of the 
lar rate limit is wmax =3.5 deg/sec for the exemplary ground-
based testbed described herein. This constraint 76 can be 
incorporated into the optimal control problem 78 as Pw(x,u, 
t)=lw,1-wmaxsO, fori=l, 2, 3.Additional constraints 76 on the 
quaternion norm or limits on the spacecraft acceleration can 65 
also be implemented by developing appropriate path con-
straint functions 76b. The problem in (13) above can be 
spacecraft. 
Such issues can be avoided in practice by implementing 
STMs via closed-loop control, such as shown in FIGS. 4 and 
5 above. In such implementations, the optimal attitude trajec-
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tories may be used as guidance inputs to the closed-loop 
attitude control system, even when the number of CM Gs 12 is 
reduced to three due to hardware failures. 
Referring now to FIG. 15, graphs 300, 310, 320, 330, 340, 
350, 360, 370, 380 and 390 illustrate attitude, body rate and 5 
gimbal angle curves showing optimal and closed-loop per-
formance of the STM with 10% inertia uncertainty. The 
graphs 300, 310, 320, 330, 340, 350, 360, 370, 380 and390 in 
FIG. 15 respectively show solid-line closed-loop curves 302, 
312, 322, 332, 342, 352, 362, 372, 382 and 392, as well as 10 
optimal (dashed-line) curves 304, 314, 324, 334, 344, 354, 
364, 374, 384 and394.As seeninFIG.15, the results obtained 
when implementing the closed-loop STM with 10% inertia 
uncertainty, the residual closed-loop error norm is 0.3-deg. In 
addition, while the spacecraft 10 ultimately achieves the 15 
desired final orientation, the spacecraft internal states now 
deviate appreciably from their expected values, for example, 
as seen in the CMG gimbal angle graphs 360, 370, 380 and 
390 where the actual closed-loop values 362, 372, 382, 392 
(solid lines) deviate significantly from the optimal values 20 
364, 374, 384, 394 (dashed lines). Consequently, agile 
maneuvers for CMG spacecraft 10 designed using the exist-
ing optimal control approach do not have consistent internal 
states and may therefore violate operational constraints when 
they are implemented in the closed-loop. The inventors have 25 
further appreciated that this problem is further exacerbated 
when plarming a sequence of back-to-back maneuvers, 
wherein incorrect gimbal angles at the end of a particular 
maneuver may place the CMG array in an unexpected con-
figuration and make it impossible to correctly initiate subse- 30 
quent slews or maneuvers. 
Referring now to FIGS. 16-20, the inventors have further 
appreciated that the mismatch between the open and closed-
loop evolution of the system states in FIG. 15 above can be 
attributed at least in part to the allocation of the body torque 35 
commands to the individual CM Gs 12 by the steering law 34. 
FIGS. 16 and 17 illustrate an example of the CMG output 
torque produced on the spacecraft 10 for the open-loop case 
(graphs 400 and 410 in FIG. 16) and for the case using the 
closed-loop attitude control architecture (graphs 420, 430 and 40 
440 inFIG.17). The traces in FIG.16 show open-loop opera-
tion where the CMG array is driven directly using open-loop 
gimbal rate commands. Application of the gimbal rate com-
mands in the graph 400 produces the CMG output torque 
shown in the graph 410. In FIG. 17, the graphs 420, 430 and 45 
440 show the signals obtained in the closed-loop case, in 
which the graph 420 illustrates the desired body torque com-
mands obtained from the attitude controller. In the ideal case, 
these are precisely the same as the open-loop torques illus-
trated in the graph 410 of FIG. 16. In FIG. 17, the torque 50 
commands are then processed by the CMG steering law 34 (in 
this case the Moore-Penrose pseudoinverse was used) to pro-
duce the gimbal rate profiles shown in the graph 430 of FIG. 
17. The gimbal rates generated by the steering law differ 
significantly from their open-loop counterparts (compare the 55 
graph 400 ofFIG.16 with the graph 430 of FIG. 17). Despite 
this significant difference, however, the CMG output torque 
that is produced (graph 440 in FIG. 17) is identical to the 
open-loop output torque (graph 410 in FIG. 16). Thus, the 
closed-loop attitude control system will produce a nearly 60 
optimal attitude response as shown in FIG. 15. Yet, the CMG 
gimbal rates and CMG gimbal angles obtained in a closed-
loop implementation of an open-loop optimal control solu-
tion may be appreciably different from the open-loop optimal 
control solution (graphs 360, 370, 380 and 390 of FIG. 15). 65 
The inventors have further appreciated that this result is at 
least partially due to the use of an array of four or more CM Gs 
18 
which gives rise to an over-actuated system so the same 
spacecraft motion can be produced using different configu-
rations of the CMG array, as dictated by differing CMG 
gimbal rates and CMG gimbal angles. 
The Moore-Penrose pseudoinverse, upon which CMG 
steering laws are fundamentally based, is an example of a 
generalized inverse A+. As such, the mapping from the com-
manded torque "tc to the gimbal rate commands be exists and 
is unique, provided that A(o) is non-singular. Consequently, 
for each torque command vector, the CMG steering law 34 
computes a unique vector of gimbal rate commands 34a, 
where the precise values of the gimbal rates 34a depend on 
the instantaneous configuration of the CMG array 12. More-
over, since the backward transformation from the torque 
space to the gimbal rate space is one-to-one, the forward 
transformation from the gimbal rate space to the output 
torque space is also one-to-one leading to the conditionA(o) 
A +(o)=I where I is a 3x3 identity matrix. The consequence of 
this property is that the torque produced by the CMG is 
precisely the same as the commanded torque, i.e. i:=hc. In 
addition, ifthe one-to-one relationships hold, then the prop-
erties of the generalized inverse ensure that A +(o)A(o)bc =b)s 
also true. 
The inventors have appreciated that this discussion pro-
vides some insight into the reason for the discrepancy in the 
evolution of the closed-loop system states when the attitude 
controller 32 is utilized to track the optimal open-loop atti-
tudes obtained from 44, 26. In this regard, it is believed that 
the primary issue is that optimal control using the open-loop 
model of FIG. 11 does not specifically force the gimbal rate 
commands 34a to lie on the manifold upon which the pseudo-
inverse transformation provides a one-to-one relationship 
between the torque space and the gimbal rate space. This can 
be seen by analyzing the time-histories of gimbal rate com-
mands pro_vided in the graph 400 of FIG. 16. At time t=2, for 
example, oc(2)=[-0.35, -0.3, 0.25, 0.15]r. The time integra-
tion of the gimbal rate commands over the interval Osts2 
gives 0(2)=[-0.70, -0.60, 0.50, 0.30]r. Substituting these 
values in the relationship A +(o)A(o)bc gives the following 
equation (14). 
0.65 -0.07 -0.12 0.46 -0.35 -0.17 (14) 
-0.07 0.99 -0.02 0.09 -0.30 -0.26 
-0.12 -0.02 0.96 0.16 0.25 0.31 
0.46 0.09 0.16 0.41 0.15 -0.09 
As seen above, the right hand side of equation (14) is not 
equal to the original vector of gimbal rate commands, and 
thus the unique pseudoinverse mapping has not been pre-
served. This is the source of the discrepancy between the 
graph 400 and FIG. 16 in the graph 430 in FIG. 17. On the 
other hand, the values of the gimbal rate commands and the 
gimbal angles at t=2 in the graph 430 of FIG. 17 are, 6c(2)= 
[-0.28, -0.20, 0.32, -0.02f and 0(2)=[-0.55, -0.58, 0.58, 
0.09]r. Evaluating A +(o)A(o)bc yields the following equation 
(15). 
0.76 -0.02 -0.19 0.38 -0.28 -0.28 (15) 
-0.02 1.00 -0.02 0.03 -0.20 -0.20 
-0.19 -0.02 0.85 0.31 0.32 0.32 
0.38 0.03 0.31 0.39 -0.02 -0.02 
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In this case, the right hand side of equation (15) is the same 
as the original vector of gimbal rate commands. Thus, the 
gimbal rate commands now lie on the one-to-one manifold of 
the pseudoinverse mapping and are therefore the same as the 
values that are produced by the closed-loop attitude control 5 
system. 
The CMG steering law or steering logic 34 can be embed-
ded as part of the formulated optimal control problem by any 
suitable technique (e.g., formulation at 64 in FIG. 6 above). 
20 
where matrix E is a time-varying weighting matrix as shown 
in the following equation (19): 
r 
1 £3(t) £2(t) 1 
E= 103(t) 1 101(t) 
£2(t) £1(t) 1 
(19) 
This approach enables the design of shortest-time and other 10 and the time-varying terms can be selected according to the 
CMG maneuvers that are compatible with implementation following equation (20). 
using a closed-loop attitude control system. The inventors 
have appreciated that this approach effectively introduces a 
mechanism that ensures the uniqueness of the CMG steering 
(20) 
The values of parameters A0 , E0 , w 0 , and cp, in the above 
equations (18) and (20) in certain embodiments may be used 
as design degrees of freedom. 
Referring now to FIG. 19, the previous 70-deg z-axis slew 
was re-optimized for the testbed to illustrate the efficacy of 
the new approach for shortest-time CMG maneuver design. 
is preserved by the optimal control. To this end, the optimal 15 
control problem 78 (FIGS. 7 and 8) is augmented to accom-
modate the influence of the CMG steering law 34 by use of the 
steering law constraint 77, in one example denoted by the 
mapping be =A *he (e.g., path constraint 77 in the example of 
FIG. 7 above). 20 The optimal control problem 78 in this example was solved so 
that the influence of the closed-loop CMG steering law 34 
could be properly accounted for by way of the steering law 
constraint 77, wherein the results for singularity robust steer-
FIG. 18 illustrates a block diagram 450 showing a revised 
spacecraft model for optimal control with an embodiment of 
a CMG steering constraint 77. The key modification in the 
problem formulation in this case is the inclusion of the equa-
tion 2A *Abe-be =bas a CMG steering constraint. Due to the 25 
properties of the control allocation provided by steering law 
34, the CMG steering constraint shown in the block diagram 
of FIG. 18 implies that 2A*Abe-be=2A*(AA*)he-
A*he=2A*Ihe-A*he=A*he=b. Thus, if the difference 
E=A *he -b can be made arbitrarily small, where the use of 30 
term "arbitrarily" refers to a tolerance E selected by the use of 
the process, then an optimal control solution satisfying 
-EsA *he -bsE will preserve the control allocation of CMG 
steering law 34 as part of the guidance command trajectory. 
Although the solution to a modified STM problem that incor- 35 
porates CMG steering law constraint 77 is still inherently 
open-loop, any optimal control that satisfies CMG steering 
constraint 77 will now be fully compatible with implementa-
tion using closed-loop attitude control. 
ing using equation (16) with a small constant value of design 
parameter A are presented. FIG. 19 shows a visualization 460 
of the spacecraft rotation motion for X 462, Y 464 and Z 466 
projected onto a sphere for the STM with consistent internal 
states, wherein the optimal maneuver time in this case was 
18.5-sec, which is the same value as the one obtained from the 
original problem formulation. The maneuver trajectories are, 
however, slightly different (e.g., compared with those of FIG. 
12 above) since the optimal control has now been shaped to be 
compatible with the closed-loop steering logic. The same 
validation and verification tests as before were applied to 
verify the optimality of the re-designed maneuver, including 
an open-loop propagation test using the block diagram of 
FIG. 18. 
Following the verification tests, the STM was implemented 
for the case with 10% inertia uncertainty by using the closed-
loop attitude control system to track the optimal attitude 
trajectory, using the same gains as before to create the graphs 
of FIG. 15. FIG. 20 shows a closed-loop implementation of 
the STM obtained by way of utilizing steering law constraint 
77 so as to provide a maneuver having consistent internal 
A variety of different steering laws 34 can be utilized with 40 
the approach, and several different steering logics have been 
integrated and tested with the modified approach. A first 
possible steering law 34 is the singularity robust inverse logic 
mentioned previously, as seen in the following equation (16), 
where 45 states (10% inertia uncertainty), including attitude angle 
graphs 500, 510 and 520, body rate graphs 530, 540 and 550, 
and CMG gimbal angle graphs 560, 570, 580 and 590, 
wherein the closed-loop states are shown in solid-line curves 
502, 512, 522, 532, 542, 552, 562, 572, 582 and 592, and the 
(16) 
using a positive constant for the value of A. As an alternative, 
a steering law where the scale factor A is automatically 
adjusted in reference to the condition number of the A matrix 
may also be implemented, in which case the value of A may be 
adjusted according the following equation (17): 
50 optimal states are shown in dashed-line curves 504, 514, 524, 
534, 544, 554, 564, 574, 584 and 594. The results in FIG. 20 
show a much-improved agreement between the optimal 
spacecraft states and those obtained from the closed-loop 
{
Ao(l -m/mo)2 form <mo 
-'= 
(17) 55 
implementation, where the difference between the optimal 
and closed-loop trajectories is indistinguishable for all the 
internal states. Moreover, the residual closed-loop error norm 0 form2.mo 
has been further reduced to less than 0.1-deg. Without wish-
ing to be tied to any particular theory, the primary driver 
behind this superior result is believed to be the fact that the where m
2
=det(AAr) and A0 and m0 are properly selected 
constants. 60 pseudoinverse mapping (control allocation) inherent to the 
steering law 34 of the closed-loop feedback system 30 has 
now been properly embedded as part of the optimal control 
solution. This enables the closed-loop attitude controller 32 to 
In another possible embodiment, a CMG steering law 34 
with time-varying off-diagonal terms can be integrated as a 
CMG steering constraint 77 as part of the modified optimal 
control problem formulation for S™ or other maneuvers. This 
robust singularity-avoiding steering logic has the form set 65 
forth in the following equation (18): 
(18) 
precisely track the shortest-time maneuver. 
As seen above, the present disclosure provides for includ-
ing a steering law constraint 77 in the formation of the optimal 
control problem 78 at least partially based on the steering law 
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34 used in operating the spacecraft 10. In certain embodi-
ments, the steering law constraint 77 can be received as part of 
the input data including the initial spacecraft state 72, the final 
desired spacecraft state 74 and the other constraints 76, and 
the steering law constraint 77 may be incorporated into the 
control problem in certain embodiments as either a dynamic 
constraint 76a or as a path constraint 76b. As shown in the 
example of FIG. 7 above, the steering law constraint 77 may 
be included in the control problem 78 as a path constraint 76b, 
for example, -EsA *h-bsE, which sets either or both of a 10 
lower bound -E and an upper bound E on the difference 
A *h'-11' betweena control allocationA *h' and the CMG angle 
ratevectorE', where A* is the steering law 34, andh' is a CMG 
output torque vector. In certain implementations, moreover, 15 
an objective or cost function 79 can be constructed, including 
a spacecraft system state defined by a spacecraft attitude 
vector 46 q=[qv q2 , 'b, q4 ]r, a spacecraft rate vector 46 
w=[w 1 , w2 , w3 ]r, a CMG angle vector 74a 11=[1\v ... , 11n]r, 
along with a control variable vector u* representing a CMG 20 
angle rate vector 11'=[11\, ... , 11'n]r. Moreover, the objective 
function construction in certain examples provides an objec-
tive function 79 (e.g., J[x(-), u(-), t]) at least partially in terms 
of the overall maneuver time y-t0 , and the control problem 78 
is solved solving (e.g., at 66 in FIG. 6 above) to at least 25 
partially minimize the overall maneuver time y-t0 • As men-
tioned above, moreover, the objective function 79 may be 
constructed in certain embodiments at least partially in terms 
of maneuver energy expenditure represented, for example, by 
a weighted of sum of squares of the CMG angle rates 74a 30 
w 1f, 'iI,~ 1 nb,2, and the control problem solution in this case 
invo"lves at least partially minimizing the weighted of sum of 
squares of the CMG angle rates 7 4a. In other possible imple-
mentations, the objective function 79 may be constructed in 
terms of maneuver energy expenditure represented by a 35 
weighted sum of squares of the CMG angle accelerations, and 
the control problem 78 is solved to at least partially minimize 
the weighted sum of squares of the CMG angle accelerations. 
Two different exemplary formulations are provided below 
of an optimal control problem for solving optimal attitude 40 
maneuvers with generic CMG steering laws 34. In order to 
develop the optimal control problem formation, a mathemati-
cal model is specified describing the dynamics of the space-
craft 10 and the CMG array 12, to provide a vector of state 
variables x and a vector of control variables u. An exemplary 45 












where q, represent attitude quaternions, co, are angular rates, 
and 11, are the gimbal angles of a plurality of n CMGs 12. 
Other representations for the spacecraft attitude, such as 
Euler angles, could also be used. In one exemplary formula- 65 
ti on of the optimal control problem, the control vector may be 
defined according to the following equation (22): 
22 
(22) 
where 6, are CMG gimbal rates 34a for each ofn CMGs. In 
another exemplary optimal control problem formulation, the 







where i:E_, represents one of three orthogonal command 
torques 32a defined in the spacecraft body-fixed frame (see 
FIG. 5 above). An exemplary formulation of the optimal 
control problem 78 for solving optimal attitude maneuvers 
with a generic CMG steering law 34 in one possible imple-
mentation (e.g., FIG. 7 above) includes (i) an objective func-
tion or cost function 79, (ii) dynamic constraints 76a, (iii) 
endpoint constraints 72, 7 4, and (iv) path constraints 76b. The 
objective function 79 provides a metric by which the fitness of 
a candidate solution to the control problem 78 may be judged, 
with the goal being to find a solution which minimizes or 
maximizes a given objective function 79. The dynamic con-
straints 76a define a dynamical model of spacecraft system 10 
that allows the time evolution of the system state vectorx(t) to 
be determined in response to the application of particular 
control trajectory given by vector u(t). The endpoint con-
straints 72, 7 4 represent the initial and final desired conditions 
of the system state vector for a given attitude maneuver. The 
endpoint constraints 72 and 74, moreover, may be open or 
closed meaning that a particular element of the system state 
vector must take a specific value at the beginning or end of an 
attitude maneuver (closed) or that a particular element of the 
system state vector may take on any value within a specified 
range (open). The path constraints 76b are any other function 
of the system state, parameters, control or time that must be 
adhered to in order to operate the spacecraft system 10. An 
exemplary optimal control problem formulation is given as 
follows (e.g., FIG. 7): 
I !fi .2 Minimize J[x( · ), u( · ), t] =ti - t0 + w1 L_, O; fo i=l (24) 
1 
2Q(w)q 
Subject to r 1(-wxlw-wxh-h) 
u 
p3 := c5i,min ::; c5i ::; c5i,max. i = 1, ... 'n 
p4 := oi,min::; oi::; oi,max• i = 1, ... 'n 
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-continued 
Ps :=qf +q~+q~+q~-1 =0 
where vectors h and h represent the stored momentum and 
output torque of the CMG array 12 as expressed in the space-
craft body-fixed frame 10. Vectors hand i may be computed 
from the values of the state and control vectors x, u by using 10 
the above equations (2)-(5). 
In (24), the exemplary objective function considers the 
overall attitude maneuver time t:t-t0 as well as the weighted 
sum of squares of the CMG gimbal rates. Other objective 
functions 79 are also possible and may be constructed as 15 
desired by the user of the process 60, for example by setting 
weight w 1 =O, minimizing the objective function results in a 
minimum-time attitude maneuver. The dynamics constraints 
76a in this example are given by the equation x=f(x,u,t), 
wherein f(x,u,t) represents mathematical a model of the 20 
spacecraft system dynamics. The endpoint constraints 72 and 
7 4 are defined by the vectors x/, x0 r, xf and xfu' which limit 
the values of the elements of the system state vector, x, at the 
initial and final times t0 and 1ti respectively. Path constraint p 1 
provides a limit on the permissible values of the spacecraft 25 
angular rates, whereas path constraint p2 provides a limit on 
the permissible values of the spacecraft angular accelerations. 
Path constraint p3 restricts the values of the CMG gimbal 
angles and path constraint p4 provides a limit on the permis-
sible CMG gimbal rates. Path constraints p 1 through p4 are 30 
optional constraints that may be supplied by the operator of 
the process and they may be removed from the problem 
formulation if no such limits exist. However, in the preferred 
embodiment, one or more of p1 through p4 will be specified by 
the user of the process. Path constraint p2 ensures that the 35 
quaternion normalization condition holds and is therefore 
included in the preferred embodiment of the present inven-
tion. The final path constraint given in the exemplary problem 
formulation of (24), i.e. p6 , is the CMG steering law con-
straint 77 that may be utilized advantageously as part of the 40 
optimal control problem formulation (e.g., at 64 in FIG. 6) to 
ensure that the influence of the CMG steering law 34 is 
included as part of the solution to the control problem 78. In 
other words, the steering law path constraint 77 (p6=EsA *h-
bsE) ensures that the optimal control solution will be accu- 45 
rately reproduced according to the selected value of tolerance 
E when the optimized attitude maneuver is implemented in 
using a closed-loop feedback system, such as the exemplary 
attitude control system given in FIG. 5 above. In one preferred 
embodiment, E-0 is selected. 50 
In another possible embodiment (FIG. 8 above), the steer-
ing law constraint 77 is included in the control problem 78 as 
a dynamics constraint 76a. In the illustrated example, more-
over, the steering law constraint 77 A *u defines a product of 
the steering law A* 34 and a control variable vector u. This 55 
exemplary optimal control problem formulation is illustrated 
in the following (25): 






U = [rc,l• Tc,2• Tc,3]T 
x;; S [q(t0 ), w(t0 ), 6(t0 )f S X~ 
x1; s [q(t1 ), w(t1), 6(t1)f sxY 
p2 := Wi,min s Wis Wi,m=• i = 1, 2, 3 
p3 := c5i,min::; c5i::; c5i,max• i = 1, ... 'n 
p4 :=(\min s6i ::;(\max. i= 1, ... ,n 
Ps := qf + q~ + q~ + q~ - 1 = 0 
P6 := Ti,min S Tc,i S Ti,max, i = 1, 2, 3 
where vectors h and Ii are computed from the values of the 
state and control vectors by the above equations (2)-(5). As 
described above, the main difference between optimal control 
problem formulation 25 and optimal control problem formu-
lation 24 is that in the former, the CMG steering law con-
straint 77 is incorporated as a dynamic constraint 76a (as 
shown in FIG. 8), i.e b=A *u. In addition, an optional path 
constraint 76b, namely p7 may be added as shown in (25 and 
FIG. 8 above) in order to limit the permissible values of the 
control torque vector "tc-
In other embodiments, the rate of change of the control 
variables may be constrained through the use of the concept 
of a "dimension lift", in which the control variable is 
appended as part of the state vector and a new control vari-
able, representing the time-derivative of the original control 
variable, and is introduced as part of the problem formulation. 
For example in exemplary problem formulation (24) above, 
the state vector could be alternatively written by appending 












The new control vector will become u=[11'\, ... , 11"nf· An 
additional path constraint, 11", mins11",s11", max' i=l, ... 'nmay 
also be included as part of su~h an alternative optimal control 
problem formulation. 
In yet another embodiment of the present invention an 
additional path constraint may be added which incorporates 





65 The effect of including the path constant given in equation 
(27) is to enable the user of the invention to control the 
permissible values of the CMG array singularity index m= 
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Y det(AA 7). By selecting a value for mmin>O, the user of the 
process may further influence the shaping of the optimal 
maneuver guidance command trajectories to maintain the 
orientation of an array of CM Gs 12 away from singular states. 
This aspect of the present invention may be advantageously 
utilized when designing a series of maneuvers that are to be 
performed in a sequence, such as in an satellite imaging 
application. 
The present disclosure thus provides a new approach for 10 
designing shortest-time and other spacecraft maneuvers that 
is applicable to closed-loop attitude control of CMG space-
craft 10, including integration of a novel CMG steering con-
straint 77 as part of the control problem formulation. In the 
absence of the CMG steering constraint 77, the closed-loop 15 
evolution of the spacecraft internal states, in particular the 
CMG gimbal angles, can deviate significantly from the opti-
mal solution(e.g., FIG.15above), which may cause hardware 
26 
of constraints including a steering law constraint 
based on a steering law used in operating the space-
craft; 
formulating a control problem based at least partially on 
the input data including the steering law constraint; 
using at least one processor, solving the control problem to 
provide a time-varying attitude command vector com-
prising a plurality of time-varying attitude command 
signals or values representing a plurality of spacecraft 
states and control trajectories with respect to one or 
more of spacecraft angles, spacecraft angle rates, and 
spacecraft angle accelerations; and 
providing the time-varying attitude command vector as a 
guidance command input to an attitude controller of the 
spacecraft for operating the plurality of control momen-
tum gyroscopes to guide the spacecraft from the initial 
state to the final state. 
2. The method of claim 1, wherein the steering law con-
straint is included in the control problem as a path constraint or other mission constraints to become violated ifthe maneu-
ver is implemented on orbit. To address this issue, the CMG 
steering law constraint 77 or the CMG steering law constraint 
20 setting at least one of a lower bound and an upper bound on a 
difference between a control allocation A *h' and the CMG 
angle rate vector, where A* is the steering law, and h' is a 
CMG output torque vector. 
77 in conjunction with the path constraint given in equation 
(27) is utilized to shape the shortest-time maneuver trajecto-
ries to be compatible with the closed-loop steering logic 34. 
The CMG steering constraint 77 permits the unique pseudo- 25 
inverse mapping (control allocation) of the chosen CMG 
steering law 34 to be preserved by the optimal control so that 
maneuvers can be implemented predictably and reliably. 
Moreover, embedding the CMG steering logic 34 as part of 
the optimal control procedure enables the design of time- 30 
optimal, energy optimal, or other maneuvers with robust sin-
gularity avoidance as per the properties of CMG steering law 
34. 
3. The method of claim 2: 
wherein formulating the control problem comprises con-
structing an objective function or cost function includ-
ing: 
a spacecraft system state defined by a spacecraft attitude 
vector, a spacecraft rate vector, a CMG angle vector, 
and a CMG angle rate vector, and 
a control variable vector representing CMG gimbal 
accelerations. 
4. The method of claim 3, wherein formulating the control 
problem comprises constructing the objective function or cost 
function in terms of overall maneuver time, and wherein 
solving the control problem comprises at least partially mini-
mizing the overall maneuver time. 
5. The method of claim 4, wherein formulating the control 
problem comprises constructing the objective function or cost 
function in terms of maneuver energy expenditure repre-
sented by a weighted of sum of squares of the CMG angle 
rates or CMG angle accelerations, and wherein solving the 
control problem comprises at least partially minimizing the 
weighted of sum of squares of the CMG angle rates or CMG 
angle accelerations. 
6. The method of claim 3, wherein formulating the control 
problem comprises constructing the objective function or cost 
function in terms of maneuver energy expenditure repre-
sented by a weighted of sum of squares of the CMG angle 
It will be understood that many additional changes in the 
details, materials, procedures and arrangement of parts, 35 
which have been herein described and illustrated to explain 
the nature of the invention, may be made by those skilled in 
the art within the principal and scope of the invention as 
expressed in the appended claims. The inventors also note 
that a similar control allocation problem exists for spacecraft 40 
in which a plurality of reaction wheels are utilized as part of 
the attitude control system instead of a plurality of CMGs. 
The present invention can thus be modified and applied by 
anyone of ordinary skill in the art to develop an optimal 
control problem formulation for a reaction wheel-based atti- 45 
tude control system wherein a reaction wheel steering or 
control allocation law is incorporated as part of an optimal 
control problem formulation (as a path or dynamics con-
straint) to facilitate closed-loop implementation of optimized 
attitude maneuvers for reaction wheel spacecraft. 50 rates or CMG angle accelerations, and wherein solving the 
control problem comprises at least partially minimizing the 
weighted of sum of squares of the CMG angle rates or CMG 
angle accelerations. 
The following is claimed: 
1. A method for guiding a spacecraft from an initial state to 
a final state using a plurality of control momentum gyro-
scopes, the method comprising: 
receiving input data including: 
an initial spacecraft state defining an initial spacecraft 
attitude vector, an initial spacecraft rate vector, an 
initial CMG angle vector, and an initial CMG angle 
rate vector, 
a desired final spacecraft state defining a desired final 
spacecraft attitude vector, a desired final spacecraft 
rate vector, a desired final CMG angle vector, and a 
desired final CMG angle rate vector, and 
7. The method of claim 1, wherein the steering law con-
55 straint is included in the control problem as a dynamic con-
straint. 
8. The method of claim 7, wherein the steering law con-
straint is included in the control problem as a dynamic con-
straint defining a product of the steering law A* and a control 
60 variable vector u. 
9. The method of claim 7: 
wherein formulating the control problem comprises con-
structing an objective function or cost function includ-
ing: 
a plurality of constraints defining desired limitations 65 
with respect to at least one of spacecraft attitude, 
spacecraft motion, and CMG operation, the plurality 
a spacecraft system state defined by a spacecraft attitude 
vector, a spacecraft motion vector, a CMG angle vec-
tor, and a CMG angle rate vector, and 
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a control variable vector representing CMG gimbal 
accelerations. 
10. The method of claim 9, wherein formulating the control 
pro bl em comprises constructing the objective function or cost 
function in terms of overall maneuver time, and wherein 
solving the control problem comprises at least partially mini-
mizing the overall maneuver time. 
11. The method of claim 10, wherein formulating the con-
trol problem comprises constructing the objective function or 
cost function in terms of maneuver energy expenditure rep- 10 
resented by a weighted of sum of squares of the CMG angle 
rates or CMG angle accelerations, and wherein solving the 
control problem comprises at least partially minimizing the 
weighted of sum of squares of the CMG angle rates or CMG 
angle accelerations. 15 
12. The method of claim 1: 
wherein formulating the control problem comprises con-
structing an objective function or cost function includ-
ing: 
a spacecraft system state defined by a spacecraft attitude 20 
vector, a spacecraft motion vector, a CMG angle vec-
tor, and a CMG angle rate vector, and 
a control variable vector representing CMG gimbal 
accelerations. 
13. The method of claim 12, wherein formulating the con- 25 
trol problem comprises constructing the objective function or 
cost function in terms of overall maneuver time, and wherein 
solving the control problem comprises at least partially mini-
mizing the overall maneuver time. 
14. The method of claim 13, wherein formulating the con- 30 
trol problem comprises constructing the objective function or 
cost function in terms of maneuver energy expenditure rep-
resented by a weighted of sum of squares of the CMG angle 
rates or CMG angle accelerations, and wherein solving the 
control problem comprises at least partially minimizing the 35 
weighted of sum of squares of the CMG angle rates or CMG 
angle accelerations. 
15. The method of claim 12, wherein formulating the con-
trol problem comprises constructing the objective function or 
cost function in terms of maneuver energy expenditure rep- 40 
resented by a weighted of sum of squares of the CMG angle 
rates or CMG angle accelerations, and wherein solving the 
control problem comprises at least partially minimizing the 
weighted of sum of squares of the CMG angle rates or CMG 
angle accelerations. 45 
16. The method of claim 1, wherein formulating the control 
problem comprises including a path constraint to control 
permissible values of a CMG array singularity index. 
17. A non-transitory computer readable medium with com-
puter executable instructions for guiding a spacecraft from an 50 
initial state to a final state using a plurality of control momen-
tum gyroscopes, the computer readable medium having com-
puter executable instructions for: 
receiving input data including: 
an initial spacecraft state defining an initial spacecraft 55 
attitude vector, an initial spacecraft rate vector, an 
initial CMG angle vector, and an initial CMG angle 
rate vector, 
a desired final spacecraft state defining a desired final 
spacecraft attitude vector, a desired final spacecraft 60 
rate vector, a desired final CMG angle vector, and a 
desired final CMG angle rate vector, and 
a plurality of constraints defining desired limitations 
with respect to at least one of spacecraft attitude, 
28 
spacecraft motion, and CMG operation, the plurality 
of constraints including a steering law constraint 
based on a steering law used in operating the space-
craft; 
formulating a control problem based at least partially on 
the input data including the steering law constraint; 
solving the control problem to provide a time-varying atti-
tude command vector comprising a plurality of time-
varying attitude command signals or values representing 
a plurality of one or more of spacecraft states and control 
trajectories with respect to one of spacecraft angles, 
spacecraft angle rates, and spacecraft angle accelera-
tions; and 
providing the time-varying attitude command vector as a 
guidance command input to an attitude controller of the 
spacecraft for operating the plurality of control momen-
tum gyroscopes to guide the spacecraft from the initial 
state to the final state. 
18. A spacecraft guidance system, comprising: 
at least one processor programmed to: 
receive input data including: 
an initial spacecraft state defining an initial spacecraft 
attitude vector, an initial spacecraft rate vector, an 
initial CMG angle vector, and an initial CMG angle 
rate vector, 
a desired final spacecraft state defining a desired final 
spacecraft attitude vector, a desired final spacecraft 
rate vector, a desired final CMG angle vector, and a 
desired final CMG angle rate vector, and 
a plurality of constraints defining desired limitations 
with respect to at least one of spacecraft attitude, 
spacecraft motion, and CMG operation, the plural-
ity of constraints including a steering law con-
straint based on a steering law used in operating the 
spacecraft; 
formulate a control problem based at least partially on 
the input data including the steering law constraint; 
solve the control problem to provide a time-varying 
attitude command vector comprising a plurality of 
time-varying attitude command signals or values rep-
resenting a plurality of spacecraft states and control 
trajectories with respect to one or more of spacecraft 
angles, spacecraft angle rates, and spacecraft angle 
accelerations; and 
provide the time-varying attitude command vector as a 
guidance command input to an attitude controller of 
the spacecraft for operating the plurality of control 
momentum gyroscopes to guide the spacecraft from 
the initial state to the final state. 
19. The spacecraft guidance system of claim 18, wherein 
the steering law constraint is included in the control problem 
as a path constraint setting at least one of a lower bound and 
an upper bound on a difference between a control allocation 
A *h' and the CMG angle rate vector, where A* is the steering 
law, and h' is a CMG output torque vector. 
20. The spacecraft guidance system of claim 18, wherein 
the steering law constraint is included in the control problem 
as a dynamic constraint defining a product of the steering law 
A* and a control variable vector u. 
21. The spacecraft guidance system of claim 18, wherein 
the at least one processor is part of a ground based system. 
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